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Abstract: 

We construct invariants under deformation of real symplectic 4-manifolds. These invari- 
ants are obtained by counting three different kinds of real rational J-holomorphic curves which 
realize a given homology class and pass through a given real configuration of (the appropriate 
number of) points. These curves are cuspidal curves, reducible curves and curves with a pre- 
scribed tangent line at some real point of the configuration. They are counted with respect to 
some sign defined by the parity of their number of isolated real double points and in the case 
of reducible curves, with respect to some mutiplicity. In the case of the complex projective 
plane equipped with its standard symplectic form and real structure, these invariants coincide 
with the ones previously constructed in |1U| . This leads to a relation between the count 
of real rational J-holomorphic curves done in |2j , ^01 and the count of real rational reducible 
J-holomorphic curves presented here. 

Statement of the results 

Let (X,uj,cx) be a real symplectic 4-manifold, that is a triple made of a smooth compact 
4-manifold X, a symplectic form uj on X and an involution cx on X such that c* x uj = —uj. 
The fixed point set of cx is called the real part of X and is denoted by MX. It is assumed 
to be non empty here so that it is a smooth lagrangian surface of (X, uj). We label its 
connected components by (IX)i, . . . , (MX) at. Let i > 1 be an integer large enough and 
Ju be the space of almost complex structures of X which are tamed by uj and of class C l . 
Let be the subspace of J u made of almost complex structures for which the involution 
cx is J-antiholomorphic. These two spaces are separable Banach manifolds which are non 
empty and contractible (see §1.1 of 10 for the real case). Let d G H2(X;Z) be a homology 
class satisfying c\{X)d > 1, c\{X)d ^ 4 and (cx)*d = —d, where c±(X) is the first Chern 
class of the symplectic 4-manifold {X, uj). Let x = (x±, . . . ,x Cl ( X )d-2) £ x cx ^ x ' d ~ 2 be a real 
configuration of c\(X)d — 2 distinct points of X, that is an ordered subset of distinct points 
of X which is globally invariant under cx- For j G {1, . . . , N}, we set rj = #(ifl (MX)j) and 
r = (n, . . . , rjv), so that the iV-tuple r encodes the equivariant isotopy class of x. We will 
assume throughout the paper that r ^ (0, . . . , 0), see Remark 13.51 Finally, denote by I the 
subset of those i £ {1, . . . ,c\{X)d — 2} for which Xi is fixed by the involution cx- For each 
i £ I, choose a line Tj in the tangent plane T X MX. Then, for a generic choice of J G M.^, 
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there are only finitely many real rational J-holomorphic curves which realize the homology 
class d, pass through x and are cuspidal. Moreover, these curves are all irreducible and have 
only transversal double points as well as a unique real ordinary cusp as singularities. Denote 
by Cusp d (J,x) this finite set of cuspidal curves. Likewise, there are only finitely many real 
rational J-holomorphic curves which realize the homology class d, pass through x and are 
reducible. Moreover, these curves have only two irreducible components and only transversal 
double points as singularities. Denote by lZed d (J,x) this finite set of reducible curves. Note 
that since 1^0, both irreducible components of such curves are real. Finally, there are only 
finitely many real rational J-holomorphic curves which realize the homology class d, pass 
through x and whose tangent line at some point Xi, i G /, is Tj. Moreover, the point Xi 
having this property is then unique and these curves are all irreducible with only transversal 
double points as singularities. Denote by Tan d (J,x) this finite set of rational curves. Note 
that if C G Cusp d (J,x) U Ked d (J,x) U T an d (J,x), then all the singularities of C are disjoint 
from x. Following JUJ) we define the mass of C and denote by m(C) its number of real 
isolated double points. Here, a real double point is said to be isolated when it is the local 
intersection of two complex conjugated branches, whereas it is said to be non isolated when 
it is the local intersection of two real branches. If C belongs to TZed d (J,x) and C\, C2 denote 
its irreducible components, then we define the multiplicity of C, and denote by mult(C), the 
number of real intersection points between C\ and C2, that is the cardinality of RCi n RC2. 
We then set: 

r r V,x)= (-l) m ( c )- (-l) m(C) mult(C). 

CGCusp d (J,x)UTan d (J,x) C€Ked d (J,x) 

Theorem 0.1 Let (X,uj,cx) be a real symplectic 4-manifold and d G H2{X; r L) be such 
that c\(X)d > 1, ci(X)d / 4. The connected components o/RX are labeled by (RX)i, . . . , (RX)at. 
Let x C X be a real configuration of c\{X)d— 2 distinct points, rj be the cardinality ofxf)(M>X)j 
and r = (n, . . . , rjv)- Finally, let J G R»7^ be generic enough so that the integer T d (J,x) is 
well defined. Then, this integer T f (J, x) neither depends on the choice of J, nor on the choice 
of x. 

(The condition c\(X)d 7^ 4 is to avoid appearance of multiple curves, see Eemark ll.101 ) 

From this theorem, the integer T d (J,x) can be denoted without ambiguity by T d , and 
when it is not well defined, we set F d = 0. We then denote by T d (T) the generating function 
^ reN jv T d T r G Z[Ti, . . . , Tat], where T T = T-p . . . T^f . This polynomial function is of the 
same parity as c\{X)d and each of its monomial actually only depends on one indeterminate. 
It follows from Theorem l( ) . 1 1 1 hat the function r : d G H2(X; Z) T d (T) G Z[T] only depends 
of the real symplectic 4-manifold (X, oj,cx)- Moreover, it is invariant under deformation of 
this real symplectic 4-manifold, that is if ujt is a continuous family of symplectic forms on X 
for which c* x u)t = —uJt, then this function is the same for all (X, u>t, cx)- As an application of 
this invariant, we obtain the following lower bounds in real enumerative geometry. 

Corollary 0.2 Under the hypothesis of Theorem, \0.1\ the integer provides a lower 
bound for the cardinality of the weighted set Cusp d (J,x) U lZed d (J,x) U Tan d (J,x), indepen- 
dently of the choice of a generic J G RJ7^ and x. □ 

The non triviality of the invariant T d is guaranteed by the following proposition, see Corollary 
1.4 of P]. 
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Proposition 0.3 Let (X,u, cx) be the complex projective plane equipped with its standard 
symplectic form and real structure, so that H2(X;Z) is canonically isomorphic to Z. Let r,d 
be integers satisfying d > 2 and 1 < r < 3d — 2. Then Ff = Xr+i- ^ 

Remember that the integer Xr+i nas been defined in JO] by counting the number of real 
rational J-holomorphic curves of degree d which pass through 3d — 1 points with respect to the 
parity of their mass. The exact value of this invariant is only known up to degree five in CP 2 , 
see In particular, no recurrence formula analogous to the one obtained by Kontsevich 
to compute the rational Gromov-Witten invariants of CP 2 is known. The equality given by 
Proposition 10. 31 provides a relation between this invariant Xr+i an d an analogous sum over all 
real reducible curves passing through 3d — 2 points -the middle term in the expression of Tf-. 
That is precisely what one would need to provide such a recurrence formula. However, the 
reducible curves are counted here with respect to some real multiplicity which is not under 
control, so as the two other terms in the expression of Ff. 

The paper is organized as follows. The first paragraph is devoted to the construction 
of the moduli space M.A4^ usp of real rational cuspidal pseudo-holomorphic curves which re- 
alize the homology class d. This space is equipped with a projection 7Tr : ~RA4^ usp — > 
M.J'u x M. T X Cl ( x ) d ~ 2 . The critical points of 7Tr as well as its lack of properness are discussed 
there. The second paragraph is entirely devoted to the study of one particular type of critical 
points of 7Tr, namely those arising from curves having a degenerated cuspidal point. The 
third paragraph is devoted to the study of the Gromov compactification lLM cusp of M.Ai^ usp . 
Finally, the fourth paragraph is devoted to the proof of Theorem 10.11 
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1 Moduli space of real rational cuspidal pseudo-holomorphic 
curves 

Let d G H2{X; Z) be such that (cx)*d = —d and c\{X)d > 1, ci(X)<i 7^ 4. Let r be an order 
two permutation of the set {1, . . . , c±(X)d — 2} and c T : (xi, . . . , aWjnd-2) £ x Cl( - x ^ d ~ 2 
(cx(x T m), . . . , cx(x T ( Cl (x)d-2)) G x Cl( - XS)d ~ 2 be the associated real structure of X Cl ^ x ' d ~ 2 . 
The fixed point set of c r is denoted by R T X Cl ^ d - 2 . 

1.1 Moduli space P* nsp of cuspidal pseudo-holomorphic maps 

Let S be an oriented sphere of dimension two and Js be the space of complex structures of 
class C l of S which are compatible with its orientation. Let z = (z\, . . . , z Cl ix)d-2) £ S Cl ^ d ~ 2 
be an ordered set of c\{X)d — 2 distinct points of S. Let V be a torsion free connection on 
TX which is invariant under cx- We set 

V = {(u,J s ,J,x) E L k ' p (S,X)xJ s xJ w xX cl ^ d - 2 \u4S] = d, u{z) = x, du+JoduoJ s = 0}, 

where 1 <C k <C / is large enough and p > 2. Let T 7 * C V be the space of non multiple 
pseudo-holomorphic maps, that is the space of quadruples (u, Js, J,x) for which u cannot 
be written u' o $ where $ : S 1 — > S" is a non trivial ramified covering and v! : S" — > X a 
pseudo-holomorphic map. Remember that T 3 * is a separable Banach manifold of class C l ~ k 
(see jS], Proposition 3.2.1) with tangent bundle 

T( u ,j s ,j,,)V* = {(v,Js,j,x) G T (u! j S! j^(L k 'P(S,X) xj s xj w x X c ^ d - 2 )\v(z) =x 

and Dv + J o du o J s + J o du o J s = 0}. 

Here, T u L k *(S,X) = {v G L fe ' p (S,£ u )} where £ u = uTI and D : u G L k ^{S,E u ) ^ 
Vv + J o Vi; o J s + V„ J o duo J s g L k ~ 1,p (S, A ' 1 ^ <g! £7 U ) is the associated Gromov operator 
(see jS], Proposition 3.1.1). Let 

^cusp = {((«> ^S) *c) G ^* x S 1 4 c u = 0}, and 
^hocnsp = J 5, J, a), 2c) G P c * usp I Vdn| 2c = 0} 
be the subspace of maps having a higher order cuspidal point at z c . 

Proposition 1.1 The space V* usp is a separable Banach manifold of class C l ~ k with 
tangent bundle T^ Ut j St j^^ Zc) V* usp = {(«, J s , J,x, z c ) G T^j^j^V* x I^S | Vu| 2c + V 2c (fn = 
0}. The space V^ ocusp is a separable Banach submanifold of V* usp of class C l ~ k and real 
codimension four. 
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Proof: 

The proof is analogous to the one of Proposition 2.7 of we j us t recall a sketch of it. 
Denote by F the vector bundle over V* X S whose fibre over ((u, J5, J,x), z c ) is the vector 
space T* c S ®T u i Zc \X. In particular, the restriction of F over {(u, J5, J, x)} x 5 is the bundle 
T* S ®cu*TX . From Proposition 3.2.1 of 0, the bundle F is of class C l ~ k since trivialization 
maps depend C' _fc -smoothly on u and C' _2 -smoothly on z c , u being of class C l from jS], 
Theorem BA.l. The section d Zc u of F is of class C' _fc and vanishes transversely from Lemma 
2.6 of [IQj- The first part of the proposition follows and the second part can be proved along 
the same lines. □ 

Remember that if o(z c ) denotes the vanishing order of du at z c , then the jet of u at the 
order 2o(z c ) + 1 is a well defined complex polynomial (see jH], Proposition 3). The subspace 
^hocusp 15 precisely made of maps u for which o(z c ) > 1. When o(z c ) = 1, this complex 
polynomial can be written j2{v){z — z c ) 2 + j${u){z — z c ) 3 where j%{u),jz{u) G T U ^X, z is a 
complex coordinate of (S, Js) in a neighbourhood of z c and j2{u) 7^ generates the tangent 
line of u at the cuspidal point u(z c ). The cuspidal points for which j%(u ) is colinear to ,72 (^) 
are said to be degenerated. They will be studied in detail in SJ21 

1.2 Normal sheaf 

Remember that the C-linear part of the Gromov operator D is some 3-operator denoted by 
d. The latter induces a holomorphic structure on the bundle E u = u*TX which turns the 
morphism du : TS — > E u into an injective homomorphism of analytic sheaves (see Lemma 
1.3.1). Likewise, the C-antilinear part of D is some order operator denoted by R and defined 
by the formula R( u ,j s ,j,x)( v ) = Xj(v,du) where Nj is the Nijenhuis tensor of J. Denote by 
J\f u the quotient sheaf O s{E u ) / du{0 s{T S)) so that it fits in the following exact sequence of 
analytic sheaves — ► Os(TS) — ► Os(E u ) — > A/" u — > 0. As soon as ((u, Js, J, x), z c ) belongs 
to this exact sequence extends to — >■ Os(TS) <g> Os(z c ) — >■ Os(E u ) — >■ A/^ c — >■ 0, 

where A/^ c is a quotient of the sheaf jV u . We denote in this case by C Zc the skyscraper 
subsheaf du(O s {TS) <g> s (z c ))/du(e>s(TS')) of A/" u . Also, in this case, we denote by E™ sp 
the subsheaf {t> G Os(E u ) \ Vv\ Zc G Im(Vdu| Ze )} of -E u and by Mu Usp the quotient sheaf 
05(^r sp )/dn(0 5 (TS)). We hence obtain the exact sequence -» O s (T5) -> S W P ) -> 
Afu Usp — > 0. Note that from the inclusion Os(Eu Usp ) C Os(E u ) follows the inclusion Mu Usp C 
A/^©C, C . Finally, denote by s (TS_ z ) (resp. S (£„,_,), Os«_|), M,,-*, A/£_ 2) AT^, 
C, c ,_,) the subsheaf of sections of s (TS) (resp. O s (E u ), O s {ET sp ), M u , N* c , N™ sp , C Z J 
which vanish at z. 

Proposition 1.2 Lei ((u, Js, J,x), z c ) G T 7 *^ \ V^ ocusp . Then, we have the inclusion 
^zc-z C A/^"f 2 if and only if z c E z or z c is a degenerated cuspidal point of u. In both cases, 
V induces at z c a derivation V Zc of sections of N* c _ z such that the image of N™l p in N* c z 
under the projection M u - Z — > N* c _ z with kernel C Zc - z is the subsheaf {v G N* c _ z \ V Zc v = 0}. 

Note that if ((u, Js, J, x), z c ) G V* usp \ V^ ocusp does not satisfy C Zc - z C N™l p , then the 
projection M u - z — ► A/"J C _ 2 with kernel C^ c _ 2 establishes an isomorphism between the sheaves 

K-l and 

Proof: 
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There exist a complex coordinate z of (S, J$) in a neighbourhood U of z c as well as a local 
chart of X in a neighbourhood of u(z c ) such that the map u writes z 6 (/m {(z — z c ) 2 ,a(z — 
z c ) 3 ) + (z- z c ) 3 ei(z- z c ) G C 2 , where a G C and ei G L k ' p (U,C 2 ), ei(z c ) = (see (BJ, Proposi- 
tion 3). We can assume that the connection V is the standard connection given by this chart. 
Then, the image Im(S/du\ Zc ) is carried by the first coordinate axis of C 2 . Now, if z c £ z (resp. 
z c G z), a local section of C Zc - z writes v Zc = du(-^—) = (2, 3a(z — z c )) + (z — z c )e2(z — z c ) 
(resp. v Zc = du(l) = (2(z - z c ),3a(z - z c f) + (z - Zc) 2 e 2 {z - z c )), where e 2 G L k ~ x ^{U,€?), 
£2(^c) = 0. We deduce that Vv Zc \ Zc G Im(Vdu\ Zc ) if and only if a = or z c G z. The first part 
of the proposition is proved. In both cases, the evaluation of Vv Zc at the point z c vanishes in 
Nu_ z - Thus, for every local section v of N* c _ z , the evaluation of Vv at the point z c does not 
depend on the choice of a lift of v in Os(E U) ^ z ). We denote by V Zc v G T u r z \X/Im(Vdu\ Zc ) 
this value. A section v of Os{E u - z ) satisfies then ^v\ Zc G Im(Vdu\ Zc ) if and only if the 
quotient section satisfies V Zc v = 0. □ 

Remember that the operator D : L k *(S,E%? & ) -> L* _1 >p(5, A ' 1 ^ ® ££" sp ) induces a 
quotient operator D : L k >P{S,N™l p z ) := L k 'P(S, E^[ p z )/du{L k 'P(S,TS- z ) -> L fc-1,p (5, A ' 1 ^® 
JV U ). Here, iV n denotes the normal bundle of it and N u _ z = N u ® Os(— z). From the short 
exact sequence of complexes 



cusp\ 



ids ID ' ~ ID 

_» L fc - 1 >f( ( S,A°' 1 S'®r5) ^ L k ~ 1 >P(S, A ' 1 5 <& E™ sp ) -> L k -^{S, A^S® N u ) - 

we deduce the long exact sequence -» H°(S,TS„ Z ) -» H° D (S,E™il) -» H^(S,N™°1) 
H^TS-z) - Hh(S,E™D -+ H^{S,N™Z) ^0, where fl| ("resp. ffi, F-L) 'denote 
the kernels (resp. cokernels) of the operators D, Z) on the associated sheaves. In particular, 

ind K (D) = ind R (Z)) - indues) 

= 2(ci (A)d + 1 - 2#z) - 2(3 - #z) 
= 0. 

1.3 Moduli space of real rational cuspidal pseudo-holomorphic curves 
1.3.1 Gauge action of Viff{S,z) on 

Denote by T>iff(S, z) the group of diffeomorphisms of class C i+1 of 5, which either preserve 
the orientation and fix z, or reverse the orientation and induce the permutation on z associated 
to r. Let Viff + (S, z) (resp. Viff~(S, z)) be the subgroup of Viff(S, z) made of orientation 
preserving diffeomorphisms (resp. its complement in Dif f(S, z)). Let s* be the morphism 
T>if f(S, z) — > Z/2Z having kernel T>if f + (S, z). The group T>iff(S,z) acts on the pair 

i^cusp ' ^hocusp 

) by 



(j).((u,Js,J,x),z c ) 



{{uo<j,-\{£^)*J s ,J,x),4>{z c )) if **(<£) = +1, 
((ex omo^ 1 ,^ 1 )*^,^*^),^^)),^,;)) if s*(^>) = -l, 



where (0 x )* Jg = s*(<fi)d4> o J s o dcp 1 and cx*(</) = —dcx o J o dcx- With the exception 
of the identity, only the order two elements of T>iff~(S, z) may have non empty fixed point 
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set in V* usp . I n particular, two such involutions have disjoint fixed point sets (compare [TU] . 
Lemma 1.3). Moreover, the operators D and D are T>if f(S, z) equivariants (compare |l()j . 
Lemma 1.5). Now, if ((u, Jg, J,x), z c ) is fixed by some order two element cs of Viff~(S, z), 
we denote by H%(S,E^ ±1 , ^(5,<%) ±1 (resp. (S,A^) ±1 , ff£(S,J\/£*) ± i) the 
eigenspaces associated to the eigenvalue ±1 of the action of cs on the kernel and the cokernel 
of D (resp. of D). 

1.3.2 Moduli spaces M d usp , M.Ai d usp and the projections ir, 7Tr 

Denote by M d cusp (resp. Mi ocusp ) the quotient of V* usp (resp. V^ ocusp ) by the action of 
Viff + (S, z). The projection vr : ((«, J s , J, x), 2 C ) G V* usp ^ (J,x) G X X X Cl ^ d - 2 induces 
on the quotient a projection -M^sp — ► X; X x Cl ( x ) d_2 still denoted by 7r. 

Proposition 1.3 T/ie space .M^p a separable Banach manifold of class C l ~ k , and 
it is Fredholm of vanishing index. Moreover, the space ■M-f locusp is a separable Banach sub- 
manifold of class C l ~ k and complex codimension two of M. d usp . Finally, if [(u, J5, J, x), z c ] £ 
■M d usp \ -^hocuspj then we have the isomorphisms ker dit\^ u ^j s ^j^^ Zc j = H° D (S,N^ P Z ) and 
cokerd7r| ((Ui j SiJi3l)iZc) ^ H^S , N™l p z ) ■ 

Proof: 

The proof is analogous to the one of Corollary 2.2.3 of [BJ- The action of Dif f^(S, z) 
on V* usp and V^ oc is smooth, fixed point free and admits a closed supplement. Prom 
Proposition 11.11 thus follows that M. d cusp and M d ocusp are separable Banach manifolds, the 
latter being of codimension four in the former. Moreover, since Vdu\ Zc 7^ 0, we have 

kerd7r| [(U)Js!j)£))Zc] = {(vJs,0,0,z c )GT {uM , } V* xT z J\Vv\ Zc + V z /u = 0}/T Id Vzff + (S,z) 

= {(«, Js) G L k *(S, E™1) x T Js .7 s I Dv = - J o du o j s }/T Id Viff+(S, z) 

= {ve L k ' p (S, E™l p z ) I 30 G L k -^{S, A ' 1 ^ T5) , Dv = du{<j>)} /du(L k ' p (S, TS-,)) 

= H° D (S,M™1), 

from the long exact sequence given at the end of fll.21 Likewise, 

Imd-K\ [{u! j MM = {{j,x) G TjJ u x TxX c ^ d - 2 \ 3(v,J s ,z c ) G L fc ' p (S, E u ^ z ) x Tj s Js 

xT Zc S , + J o duo Js = — J o duo Js, Vv\ Zc + V Zr du = 0, u(z) =i} 

so that cokerdvr| [{jliJsiJi2))Zc] = L^'^S, A ' 1 S E u ) x T^X Cx{x)d ~ 2 /Im(D x eu), 

where 5 : (v, j s ) G L fc ' p (S, ^" SP ) x T Js J s ^ Dv + J o du o j s G L* -1 *^, A ' 1 ^ £ u ) and 
et> : u G L k >P(S,Eu Usp ) i-» v(z) G T^X Cl ^ d ' 2 . By definition, cokerD = H l D (S, Eu Usp ). From 
the short exact sequence — > E™ sp z — > E^ nsp ™ TyT cl ( x ) d ~ 2 — > 0, we deduce the long exact 
sequence ^ Hl(S,E c u usp ) - i? b (5, T^W^ 2 )" -> H X D {S,E^) -» H l D {S,E c u usp ) - 0. 
Hence, the cokernel of D x ei) in L fc - 1 'P(5',A ' 1 S' (8) £? tt ) x iyf Cl W d ~ 2 is isomorphic to 
H~£){S \ E c ^' sp z ) . From the long exact sequence given at the end of t jl.21 we deduce that the 

cokernel of D x ev and hence the one of dTv\w u j s j^\ )Zc \ ^ s isomorphic to H\)(S , N™l p ) . □ 
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The manifolds Mcusp an d -^-hocusp are equipped with an action of the group T>iff(S, z)/Vif f + (S, z) 
Z/2Z. We denote by M.M^ usp and R«M^ ocusp the fixed point sets of these actions. The pro- 
jection 7r is then Z/2Z-equivariant as soon as x X ci ^ x ' d ~ 2 is equipped with the action 
cx* x c T , where cx* : J G Ju i— ► — cfcx o J o efcx G and c T has been defined at the 
beginning of $U Denote by 7Tr the induced projection RM d cuap — > RJ U x R T X Cl ^ d ~ 2 . 

Proposition 1.4 TTie spaces ~RM d usp and K^/J ocusp are separable Banach manifolds of 
class C l ~ k , the latter being of codimension two in the former. Moreover, 7Tr is Fredholm of 
vanishing index. Finally, if [(u, Js, J,x), z c ] G RAi d usp \ KA4^ oc!lsp , i/ien we have the isomor- 
phisms keTdnM\((u,j s ,j,x), Zc ) = H%(S,AF™*1) +1 and coker diT R \^j St j^ )tZc) = A^_f|)+i. 
□ 



1.4 Critical points of tt^ 

Lemma 1.5 The point [(u, Js, J, x), z c \ G M.A4^ usp \ ^M- d locusp is critical for ir^ if and 
only if one of the following: 

1) The differential du vanishes outside z c . 

2) The cuspidal point z c is degenerated. 

3) One has z c G z_. 

Proof: 

From Proposition ll,4( [(u, Js, J,x), z c ] is a critical point of it^ if and only if H^IS, M^^ z )+\ = 
H})(S,N™l p z )+i + {0}. We deduce from Proposition O that 2) and 3) are indeed critical 
points of 7Tr, since in these cases C Zc - z C N^-z and {0} ^ H°(S, C Zc -z)+i C Hq(S, N™1 v z )+\- 
In the same way, if z c is a real ordinary cusp of u distinct from z, then from Proposi- 
tion O N^l P z = Nu-z- If du does not vanish outside z c , then M^_ z = O s (N u -z) so 
that H^S, A/^"!^)+i = {0}. Otherwise, the sheaf N™l p z carries some skyscraper part and 
H D {S,N™ll)+i J {0}, hence the result. □ 

A detailed study of critical points of type 2) will be carried out in £JH in particular, we will 
prove in Lemma 12.41 that if z is a local coordinate in a neighbourhood of z c which is adapted 
to u, that is for which the order three jet of u reads j2(z c )(z — z c ) 2 + o(\z — z c \^), then the 
homogeneous part of order 5 of its jet is a complex monomial denoted by j'5 (z c ) (z — z c ) 5 . Also, 
note that if u has two distinct ordinary cusps, then Hj- ) (S,M^ u f z )+i — Hjj(S,N* c _ z )+i is of 
dimension one and from Riemann-Roch duality, it is isomorphic to H^^S^s <8> A/^ c _ 2 )_i 
(see Lemma 1.7). Finally, remember that a stratum of codimension m G N of a separable 
Banach manifold ./V is by definition the image of a separable Banach manifold M under a 
smooth Fredholm map / of Fredholm index — m such that all the limits of sequences 4>(x n ), 
where diverging sequence in M, belong to a countable union of strata of higher 

codimensions. 

Lemma 1.6 1) The set of points [{u, Js, J,x), z c ] G RAi d usp for which u has two distinct 
real ordinary cusps and ordinary double points as singularities, all of which being outside x 
and for which any generator tp of H^{S,Ks ® N* c _ z )-\ = H\){S, N™l p z )* + i does not vanish 
at the cusps, is a stratum of codimension one ofRM d . 
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2) The set of points [(u, Js, J,x), z c ] E RAi d usp for which u has a degenerated cusp and 
transversal double points as singularities, all of which being outside x, and for which j§{z c ) is 
not colinear to ]2{z c ) in cn adapted coordinate, is a stratum of codimension one of 'KLMf Msp . 

3) The set of points [(u, Js, J,x), z c ] G lLMf usp for which u has a real ordinary cusp at 
z c G z and only ordinary double points as other singularities, all of which being outside x, is 
a stratum of codimension one of WA4 d usp . 

The union of all critical points o/7Tjr not listed above belong to a countable union of strata 
of codimension at least two in WA4 d usp . 

Proof: 

The case 2 follows from Proposition ^. 61 All the other cases can be proved in the same way 
as Propositions 2.7 and 2.8 of [Hij- For the sake of concision, these proofs are not reproduced 
here. □ 

Remark 1.7 There are actually only finitely many strata occuring in Lemma 11.61 since a 
pseudo-holomorphic curve which realize the given homology class d may have only finitely 
many different types of singularities. Moreover, as soon as k and I are large enough, all these 
strata are images of Banach manifolds of class C 2 at least. We will use only the following fact: 
a generic path 7 : [0, 1] -> EJ U x R T X Cl W d - 2 avoids the image under 7Tr of every stratum 
of codimension at least two. 

The critical points of 7Tk listed in Lemma ll.6l are said to be generic. 

Theorem 1.8 The generic critical points of 7Tr are non degenerated. 
Proof: 

In the case of critical points of type 1 given by Lemmas 11.51 and II. 6[ the proof is readily 
the same as the one of Lemma 2.13 of [Hlj- It is not reproduced here. Let [(u, Js, J,x), z c ] E 
RM d usp be a generic critical point of type 2 or 3 given by Lemma 11.61 We have to prove 
that the quadratic form ^dTTu\^ u ,j s ,j,x),z c ] '■ ker d^R\[{u,j s ,J,x),z c ] x kerc^l 
cokerd7r M | [(Ui j S) j i£)i2c] is non degenerated. Write ttr = (vr^Trf), RMf usp (x) = (^^(x) 
and 7r^ : [(u, Js, J, x), z c ] E RM d usp (x) h J e RJ^ the restriction of 7T^ to lM^ s „(i[). 
The quadratic forms V d7ru\[( u ,j s ,j,x),z c ] an d Vd7^\u Ut j s n )Z j are of the same nature. More- 
over, the kernel and cokernel of the map dir^ are the same as the ones of the operator 
-5b : (v,J s ,j,z c ) E T [{Ut j sJ)M mM d cusp (x) ' * JoduoJs eL^P&A^S®^). From the 
relation Dv + J o du o J s + J o du o J s = 0, we deduce that De.(v, Js, J, z c ) = Dv + J o du o J s . 
We then have to prove that ^Dr\[(u,Js,J),*c] : ^d^^u^)+i ~^ ^M^^T^D+i ^ s non de- 
generated. Let (v±, J s , 0, z c ) be a generator of ^^(S 1 , A/^^)+i, then from Proposition 11.21 
v\ = du{vi) where v\ G L k ' p (S, TS-z <8> Os(z c ))+i, that is v\ is a meromorphic vector field on 
S either having a simple P°l e at z c if z c ^ z or which does not vanish at z c otherwise. In the 
same way, let (v 2 , jg, 0, z c ) G T [uJs! j )Zc] RMi usp (x), then 

(Vfejaoi 2 )^)^ 1 '^' '^) = ( V (v2 j2 ^Dr)^) + (V V2 du) o J s ojl mod (Im(du)). 
Moreover, after differentiation of the relation D o du = duo ds, we deduce 

(V^j^o^-Dr) (du(#i)) + -Dk o (V„ 2 dit)(#i) = V„ 2 cfai o 5 5 ({5i) mod (Im(du)). 
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Since the relation = Dv\ + J o du o J s = du{ds(v\) + JsJs) forces ds(vi) + JsJs = 0> we 
deduce 

^(v 2 J 2 s ,o,z 2 c ) DR )( Vl >js>°> z c) = -D R (X7 V2 du)(v!) mod (Im(du)). 

We thus have to prove that the projection Duffl^dufa)) G Hj-,(S;J\f^ u ^)+i = R does not 
vanish as soon as £j / 0. Now the operator Djr : L k > p (S,J\f u ~z) + i — ► L k ~ l > p {S,h?> 1 ®N u ) + i is 
an isomorphism, and L k ' p (S,J\f™l^)+i = {v G L k > p (S,J\f u -z)+i \ V Zc v = 0} (see Proposition 
11.2(1 is a closed hyperplane of L k ' p (S,jV u ,-z)+i- We hence have to prove that u = V^du^i) 
does not satisfy V Zc v = 0. 

The map u can be written in an adapted local chart at z c as u(z) = j2{z c ){z — z c ) 2 + 
• • • + 3b{ z c){z — z c ) 5 + o(\z — z c \ 5 ) where (j2(z c ), 3^{z c )) does form a basis of R 2 if z c £ z or 
u(z) = j2(z c )(z - z c ) 2 + j 3 (z c )(z - z c ) 3 + o(\z - z c \ 3 ) where {h{zc), h{z c )) does form a basis 
of R 2 if z c G £. We can assume that the connection V is the standard one given by this 
chart. Then in the first case, v\ = — ^— and v = (V*5 1 dit)('i>i) = f^ Zc X + 2dj^(z c )(z — z c ) + 
o(\z — z c \) = I5j5(z c )(z — z c ) + o(\z — z c \) mod (Im(du)). And in the second case, v\ = 1 and 
v = (V^du)^) = 2j 2 (z c ) +6j 3 (z c )(z - z c ) +o(\z - z c \). In the first case, Vv\ Zc = 15j 5 (z c )dz 
while in the second case Vv\ Zc = 6js(z c )dz. In both cases, the projection V Zc v of Vv\ Zc in 
the normal bundle does not satisfy X7 Zc v = 0, hence the result. □ 

1.5 Gromov compactification RM cusp of RM d usp 

The projection 7T]r : MA4 d usp — > Rj7^ x M T X Cl ^ d ^ 2 is not proper in general. The reason 
for this is that there might exist some sequence ([«„, Jg, J n ,x n , z"]) ng N of M.j\A d usp such 
that (J n ,x n ) converges to (J 00 ,^ 00 ) G RJ^, x R T X Cl (- x ^ d ~ 2 , but the image u n (S) converges to 
some reducible J°°-holomorphic curve. From Gromov compactness theorem (see [JJ], Theorem 
5.5.5), this is the only obstruction to the properness of 7Tr. More precisely, this theorem 
describes how the sequence of maps (u n ) ng N does converge. There exist smooth disjoint loops 
ai, . . . , CKfe in S and a map Uoo : S — » X which contracts the loops a±, . . . , and whose image 
is the reducible curve in the limit. Moreover, after may be changing the parameterization of 
u n , this sequence converges to Uqo in C° norm on the whole 5 and in norm L k,p on every 
compact subset of S \ (u| =1 aj). In particular, we have the following alternative. Either the 
limit z%° of (z™) ng N does not belong to U* =1 aj, and then the curve in the limit has a cuspidal 
point at u 00 (z^°). Or the limit z^° of (-2™) n gN does belong to U* =1 aj, say ot\, and then the 
two irreducible components adjacent to a\ intersect each other with multiplicity at least two 
at u 00 (z^°), from adjunction formula for example. The end of this paragraph is devoted to 
the proof that over a generic path 7 : t G [0,1] (J*,z*) G RJ W x R^ 1 ^" 2 , the only 
reducible curves which satisfy one of these two conditions have two irreducible components, 
both real, and only transversal double points as singularities with the exception of a unique 
real ordinary cusp or a unique real ordinary tacnode at some intersection point between the 
two irreducible components. Moreover, all these singularities are outside ar. 

Let mi G N, d\ G H 2 (X;Z) and z 1 = (z\, . . . , z^) G 5 mi be an mi-tuple of distinct 
points of S. Denote by 

RM (di,mi) = {(u 1 , Jl.j 1 ,! 1 ) G L k ' p (S,X) xJsxJ^x X mi I du 1 + J 1 o du 1 o jl = 

and u^ 1 ) = s 1 }/!*// 4 "^, z 1 ). 
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Let m2 G N, G H2(X; Z) and z 2 = (z 2 , . . . , z^ 2 ) G S m2 be an m2-tuple of distinct points 
of S. We denote by 

RM (d 1 ,m 1 ),(d 2l m 2 ) = ( W (4,mi) x j u RM^ 2 '™ 2 ^) \ Diag, 

where Diag = {({u\ J x s , J,x}), (u 2 , Jj, J,x 2 )) G RM^ 1 '" 1 ^ x ^ M.M( d2 ' m2 ) | Ul (S) = u 2 {S)}. 
We recall the following proposition (see ^U], Proposition 2.9 and Corollary 2.10). 

Proposition 1.9 The space 

RM (d 1 ,m 1 ),(d 2 ,m 2 ) 

is a separable Banach manifold of class 
C l - k . Moreover, the projection n <Ji,™i),(d2,m2) . RM (d 1 ,m 1 ),(d 2 ,m 2 ) _> RJ ^ x RriX m i x 

R T2 X m2 is Fredholm of index ci(X)d — 2 — mi — m 2 where d = d\ + a\. Finally, the cok- 
ernel of 7r (^ 1 ' mi )'( (i2 '" 12 ) ^ ^u 1 , Jg, J,x}), (u 2 , Jg, J,x 2 )) is isomorphic to Hp(S,N Ul _ 2 i) + iffi 
H l D (S,N U2 ^ 2 ) +l . □ 

Remark 1.10 Over a generic path 7 : i G [0, 1] 1— > (J*,x*) G IX x M r X Cl ( x ) d " 2 , no J*- 
holomorphic curve which realize d and pass through x l can be multiple or come from the 
diagonal Diag. Indeed, the condition for a J-holomorphic curve which realize the homology 
class \d to pass through c\(X)d — 2 distinct points is of codimension f\c\(X)d — 1, that 
is of codimension greater than one as soon as c\{X)d > 4. Moreover, a generic immersed 
rational J-holomorphic curve which realize the homology class \d has ^((f) 2 — \c\(X)d + 2) 
transversal double points. Each of these double points is responsible for four double points of 
the doubled curve. The number of double points of the doubled curve would then be at least 
2((|) 2 — r;Ci(X)d + 2) — 1, which is impossible as soon as c\(X)d < 4. 

Proposition 1.11 The subspace ofRM^ dl ' mi ^^ d2 ' m2 ^ made of couples ((it 1 , J s , J, x 1 ), (u 2 , J|, J,x 2 )) 
for which u 1 or u 2 has a unique cuspidal point which is ordinary, or for which ^(S) and u 2 (S) 
have a unique point of contact which is of order two, all the singularities of u l (S) U u 2 (S) 
being outside x 1 U go 2 is a stratum of codimension one. The subspace of curves having degen- 
erated cuspidal points or higher order cuspidal points, or points of contact of higher order is 
a stratum of codimension at least two. □ 

We denote by RM^ l),{d2 ' m2) (resp. RM^'™ 1 ^ 2 '™^) the codimension one stratum of 

RM (d 1 ,m 1 ),(d 2 ,m 2 ) 

given by Proposition II . 1 ll made of curves having a real ordinary cusp (resp. 
an ordinary point of contact between m 1 (S') and u 2 (S)). 

Corollary 1.12 Let 7 : t G [0,1] i-> (J*,x*) G MX x R T X Cl( - x)d ~ 2 be a generic path. 
Assume that a sequence of elements ofRM d usp over^f converges to some reducible curve. Then 
this reducible .P -holomorphic curve is given by an element ([u , J s , J, x 1 ], [u 2 , J|, J, x 2 ]) G 
RMfe miM *' ma) U RM i^)Ad2, m2 ) such that dl + d2 = d; mi + m2 = Cl ( X )d - 2 and 
t G]0, 1[. Moreover, either ni\ = c\(X)d\ — 1, or m\ = c\{X)di — 2 and then the cuspidal 
point, if it exists, belongs to u 1 (S'). 

Proof: 

From Proposition ll.lll follows that the curve in the limit must belong to RM^,'™ 1 ^'^ 2 '" 12 ^ 
^-^tac'" 11 ^ '^ 2 ' m2 ^ as soon as 7 is generic enough. Now, from Proposition 11.91 the cokernel of 
dir£ l ' m l) ' (d2 ' m2) |([„i,ji,j,xi],[ u 2,J|,J,x2]) is isomorphic to H l D (S, N Ul © H},(S, N U2 
Since this cokernel is of dimension less than two, we have mi < c\(X)di for 1 < i < 2. 
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Moreover, in case m 2 = ci(X)d 2 , we have dimHjj^S, N U2 _ z 2) + \ > 1 with equality if and only 
if the map u 2 is an immersion (see [2])- Finally, the relation mi + mi = c\(X)d — 2 forces 
each irreducible component in the limit to be simply covered, unless c\(X)di < 1 for some 

1 £ {1,2}. Now, when c\{X)di < 1 for some i £ {1,2}, it suffices to count the number of dou- 
ble points of these rational curves as in E,emark ll.l()l to see that these irreducible components 
cannot be multiply covered. □ 

Remark 1.13 If we would not have excluded the case r = (0, ... ,0), then a sequence of 
real rational cuspidal J-holomorphic curves could converge to a reducible curve having two 
irreducible components which are complex conjugated and transversal to each other except 
at one point which is of order two, that is an ordinary tacnode. 

2 Study of degenerated order two cuspidal points 

2.1 Local study of degenerated order two cuspidal points 

Let B be the unit ball of C 2 and cx be the restriction of the complex conjugation to B 4 . 
Denote by RB 4 the fixed point set of c x , it is the unit ball of M 2 C C 2 . Denote by KJL st 
the space of almost complex structures J of B 4 which are tamed by the standard symplectic 

2 

form uj s t and for which cx is J-antiholomorphic. Let B be the closed unit ball of C and conj 

— 2 , — 2 

the restriction of the complex conjugation to B . Its fixed point set is ] — 1, l[c B . Finally, 
denote by J s t the restriction of the complex structure of C 2 to B 4 , so that J st £ RJ Wst . Let 
rj > and 

^P'cuspiv) = {(«, J, zc) S L k > p (B 2 , B 4 ) x RJ^ x] - 1, 1[ | 1 1 J - J st | | c i < t? , du + J o duoi = , 

— 2 

cx ° u = u o conj , d Zc u = but Vdu\ Zc ^ and u(B ) has smooth boundary}. 

In particular, u is not multiple. Note that RV' cusp (r]) is not connected. Indeed, two disks which 
do not have the same number of double points cannot be in the same connected component. 
We are in fact interested here in a connected component for which general elements are disks 
with one ordinary cusp at z c and one transversal double point. 

Lemma 2.1 As soon as rj is small enough, RV cusp (r]) is a separable Banach manifold of 
class C l ~ k whose tangent space at (u, J, z c ) is 

T Mzc) RT' cusp {ri) = {(v, J, z c ) e L k *(B 2 ,C 2 ) x TjRJ^ x R\ Dv + J o du o i = , 

v = dcx ° v o conj , Vv\ Zc + V Zc du = 0}. □ 

Let (u, J, z c ) £ WP' cusp (n), then the order three jet of u at the point z c is a complex polyno- 
mial which can be written u(z c ) + ji(z c ){z — z c ) 2 + j-z(z c )(z — z c ) 3 with ^ ji(z c ) = ^fpr £ R 2 

and jz{z c ) = gf^r G ^ 2 (see (Hj, Proposition 3). The cuspidal point z c is degenerated when 
j 3 (z c ) is colinear to j 2 (z c ). Let F deg : {u,J,z c ) £ RT" cusp (7]) h-> det(j 2 (z c ), j 3 (z c )) £ R, and 
^'P'dcuspiv) = ^(feo(0) be the locus of curves (u, J, z c ) having a degenerated cuspidal point at 
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Lemma 2.2 As soon as n is small enough, R7^ c . usp (jj) ^ s a separable Banach submanifold 
of class C l ~ k of WP' cusp (r}) whose tangent space at (u, J, z c ) is 

T Mzc) RV' dcusp ( V ) = {(v,j,z c ) E L k *(B 2 ,C 2 ) x TjRJ Wst x R | det(d {v j Zc) j 2 (z c ),h(z c )) 

+ det(j 2 (z c ),d (v j^ c) j 3 (z c )) = 0}. 

Proof: 

The function F^ eg is of class C l ~ k as soon as k > 3 since u is of class C l . It suffices to 
prove that d( Ul j tZc )Fd e g is surjective at each point (u,J,z c ) of WP' dc usp {rj). Let (uq, Jo,z c ) be 
such a point. From Lemma 2.5 of |1U) . there exists a smooth family of Jo-holomorphic maps 
(ux)\e]-e,e[ defined in a neighbourhood U of z c by ua(^) = Uq(z) + (z— z c ) 3 (\w+w\(z)), where 
w can be any vector in M 2 and w\ G L k ' p (B 2 , C 2 ) is real and satisfies u>o = 0, ^u>a|a=o = 0- 
This family can be extended to a smooth family (« A , J\, z c )xE]-e,e[ £ ^^cMspC 7 ?) such that 
■/a = if ^ = and J A differs from Jo only in a neighbourhood of uo(dU). Indeed, it 
suffices to glue the map u\\u to the map uq]^^ with the help of an annulus embedded in 
a neighbourhood of uo(dU). The obtained map can be made J A -holomorphic for some J\ 
which equals Jo outside a neighbourhood of uo(dU). We have then ■ d j-j2(u\,z c ) = and 
-§x3^{u\, z c ) = w. Hence, d.x. j z ^deg = o\et(j2(z c ),w) does not vanish as soon as w is not 
chosen colinear to ]2^z c ). □ 

Remark 2.3 1) The group of real biholomorphisms of (B , i) acts on M.V' cusp (r]) by (j>.(u, J, z c ) - 
(u o J, (f)(z c ))- Since it is transitive on ] — 1, 1[, we can always assume that z c = 

2) Let (u, J, 0) G W'dcuspirj) and a G R be such that j 3 (u, 0) = aj 2 (u, 0). Let z 
the order three jet of u writes 



iv-%w 2 , 



u{z) = j 2 (u,0)(w--w 2 ) 2 +j 3 (u,0)(w--w 2 f + o{\w\ 3 ) 
= j 2 (u,0)w 2 + o(\w\ 3 ). 

Lemma 2.4 Let (it, J, 0) G ^P' dcusp {r]) and a G R oe suc/t £/ta£ J3(u, 0) = aj2{u, 0). Let 
z = to — \w 2 , the order five germ of u writes u(z) = J2W 2 + jfw 4 + J^ ' | | 4 + j^w 4 + j$w 5 + 
o(|w| 5 ), w/tere j 2 , jf,j 5 G 

Proof: 

This is deduced after expanding the relation = J\ u o du — du o i. □ 

A degenerated cuspidal curve (u, J, z c ) G ^P'dcuspi 1 !) as ™ Lemma l2~H is said to be generic 
if the vectors j2 and j'5 are linearly independant. 

Proposition 2.5 Let (it, J, 0) G ^P'dcusp^Jl) ^ e a generic cuspidal curve and v(z) = 
d z u{\). Then (v, 0,0) G T {U)Jj0) RP^ sp (r/) \ TRT^fr). Moreover, i/ (u A , J A , z c A ) Ae] -e,e[ 
is a path of WP' cusp (r]) transversal to ~^V dcusp at A = 0, then for A < (resp. A > 0) close 
enough to 0, u\ has an isolated (resp. non isolated) real double point in a neighbourhood of 
the cusp u\(Zc ), or vice versa. 
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Proof: 

With the notations of Lemma 12.41 we make the local change of coordinates z = <j>(w) with 
4>{w) =w—7}W 2 . The order five germ of u writes u o <p(w) = j2W 2 + jfw 4 +j±\w\* + j™w A + 

35W 5 +o(\w\ 5 ), where j'2, jf , j^, jf , js £ K 2 - Equip C 2 with the complex structure J(0) and 
the frame (ito(O), j'2, j'5). After composition with the local diffeomorphism of C 2 tangent to the 
identity given by $(^1, Z2) = (21, ^2) — jfzf — j^\zi\ 2 — jfz 2 , we can assume that the jet of u 
writes j2W 2 +jsw 5 +o(\w\ 5 ) . It suffices to prove that v = du,($ouo(^>)(— ) e T^ U0 ^ t j^WP'^ sp (rj)\ 
TWP' dcusp {r}) . Indeed, o 4>)(^) = d z ii(j + b(z)) for some holomorphic b, and d z u(b(z)) £ 
TRV' dcusp {r]) . Moreover, the composition by $ does not affect the transversality condition. 
Now v(w) = 2j2 + 5j5^ 3 +o(|w| 3 ). From Lemma l2~l"1 ({5,0,0) £ T( U0 ^jtyWP' cusp {ri) and from 
LemmaO (5,0,0) £ ^.j^T^M since dj 3 («,0,0) = 5j 5 and'det(j 2 , 5j 5 ) / 0. The 
first part of the proposition is proved. 

Now, without loss of generality, we can assume that ^(^a, J\, z£) = (v, 0, 0) and z£ = 0. 
From what precedes, the expansion of u\(w — | w 2 ) writes 

u x {w-^w 2 ) = f(X) + (w 2 ,w 5 ) + 0(\w\ 6 ) 

+X(0,5w 3 ) +0(X\w\ 4 ) 
+0(X 2 \w\ 2 ) 

The function /(A) + (w 2 ,5Xw 3 + u) 5 ) has an isolated real double point at the parameters 
w = ±iV5X when A > 0. Let us prove that when A > is close enough to 0, the function 
u\(w — t;W 2 ) also has an isolated real double point at parameters close to ±i\^5X. Set 
w = iV§X + w, we have: 

u x o cf)(iV5X + w) = /(A) + (-5A,0) + (2iV5Xw + w 2 + X 2 0(\w\ + |A|),50A 2 tZ; 

+ |A|i* 2 0(H + |A|) + A 3 0(H + |A|)), 

as soon as | tZ> | <C \/A- Set w = |A|4(cos(#) + ism(6)), we get Im{u\ o (fi(i\/5X + w)) = 
(2 V / 5|A|! cos(6») + |A|§O(|A|),50|A|T sin(6>) + |A| 3 0(|A|)). The linking number between the 
origin of M. 2 and the ellipse parameterized by ^ (2\/5|A|4 cos(#), 50|A| ~ sin(#)) is equal to 
one. The same result holds for the linking number between the origin of R 2 and the curve 
parameterized by 9 1— > Im(u\ o <p(i\/~hX+ |A|4(cos(#) + isin(#)))) as soon as A > is close 
enough to 0. Hence, Im{u\ o 0) vanishes once in the disk centered at i\^5X and whose radius 

3 

is I A 1 4 . It follows that u\ has an isolated real double point close to its cuspidal point u\(0) 
as soon as A > is close enough to 0. 

In the same way, the function /(A) + (w 2 , bXw 3 + u> 5 ) has a non isolated real double point 
at the parameters w = ±V — 5A when A < 0. Let us prove that when A < is close enough to 
0, the function u\(w — ^w 2 ) also has a non isolated real double point at parameters close to 
±\/—5X. Set w = rj\/—5X + w, where rj = ±1, we have: 

u x o (f)(r]^5X + w) = /(A) + (-5A,0) + (2r]^5Xw + w 2 + |A| 2 0(H + |A|),50A 2 w 

+ |A|§u; 2 0(H + |A|) + A 3 0(H + |A|)), 

as soon as \w\ <C \/\X\- When w £ [— |A|3, |A|«], the segment (2rj^— 5Xw, 50A 2 u>) joins the two 
points (-2\/5r/|A|4, -50|A|x) and {2y/5r)\\\ 4, 50|A|x). When rj = ±1, these two segments 
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intersect transversely at the origin. The same is true for the segments u\ o (j)(r]\/—5\ + 

3 3 

[ — | A 1 4 ; | A | * ] ) as soon as A < is close enough to 0, hence the result. □ 

2.2 Global study of degenerated order two cuspidal points 

Denote by M.A4 ^ cusp the subset of elements [u, Js, J, x, z c ] of M.Aif usp for which u has a de- 
generated cuspidal point at z c . 

Proposition 2.6 The space ^■A // ^d CUS p is o codimension one submanifold of M^Vf^ nS p of 
class C l ~ k . Moreover, the subspace ofRA4 d cusp made of curves [u, Js, J,x, z c ] which have a 
non generic degenerated cuspidal point at z c is a substratum of codimension two and class 
C l - k ofWM d cusp . □ 

(This is a particular case of Theorem 3.4.5 of [Bj, see also Proposition 7 of fQ) 

Let 7 : [0,1] MX x R r X Cl ^ d ~ 2 be a path transversal to vr R . From Proposition l2~fil 
if it is chosen generic enough, it avoids the image under 7Tr of curves having a non generic 
degenerated cuspidal point. Denote by ILM 7 = RM d usp x 7 [0, 1] and by 7r 7 : R_M 7 — > [0, 1] 
the associated projection. 

Proposition 2.7 Let Ct = [u, Js, J to , x to , z c ] G 1LM 7 be a curve having a degenerated 
cuspidal point at z c . Then, there exists a neighbourhood W of [u, Js, J to ,x to , z c ] in BLM 7 and 
e > such that for every t G]to — e,to[, TT~ l (t) n W is made of two curves , such that 
m(C^) = m(C^~) + 1 and for every t G]io> *o + e[> k~ 1 (t) n W = 0, or vice versa. 

Proof: 

From Proposition 12.61 the degenerated cuspidal point of Ct is generic. From Theorem 
11.81 Ct is a non-degenerated critical point of 7r 7 . Thus, as soon as e and W are small enough, 
for every t G]Z - e,t [, n~ x (t) n W = {Cf} and for every t e)t ,t + e[, ^(t) nW = l, 
or vice versa. The only thing to prove is that m(C t + ) = rn(Cf) + 1. The double points of 
C t are close to the ones of Ct with the exception of one which is close to the cusp of Ct . 
We have to prove that the nature of the latter is not the same for and Cf. Note that 
■^\t=t Ct is the generator of keraVR = H°(S, N™l p z )-\-i = H°(S, C Zct -z)+l, see Proposition 
11.21 Choose a neighbourhood V of u(z c ) invariant under cx, diffeomorphic to the 4-ball 
B and small enough in order that \\J t — J to (u(z c ))\\qi < r\. We deduce a restriction map 
rest : W C MM 7 WP' cusp {v) such that rest(C to ) G M^ cusp (r?). Now d Cto rest(f t \ t=to C t ) is 
exactly the vector (v, 0, 0) given by Proposition 12.51 The result thus follows from Proposition 
l2~5l □ 



3 Study of the compact ificat ion WA4 d cusp 

3.1 Neighbourhood of R/ v^' mi),{d2 ' m2) in RMl sp when mi = ci(A)^ - 1 

Lemma 3.1 Lei d\, di G Hi{X\H2) be such that d\ + c?2 = d and = ci(A)dj — 1, 
i G {1,2}. Then, R^fc' mi),(d2 ' m2) ftaa a canonica/ coorientation in RM {dl ' mi) ' {d2 ' m2) . A 
path (C*) t6 ]_ e>e [ in RM(«*i."»i) ) (*.n»a) transversal to ^j^i^i)^^) at t = q is pos i t i ve n 
this coorientation if for every t g] — e, 0[ (resp. i G]0, e[j, C* /ias too rea/ f resp. complex 
conjugated) double points in a neighbourhood of the tacnode of C°. □ 
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C\ t < C° C\t>0 

Remember that under the conditions of Lemma K-i.l| the projection 7T ^ 1 ' mi )'( d ^' m2 ) . ^^y[(di,m 1 ),(d 2 ,m 2 ) 
~M.Su> x M n X mi x M T2 X m2 is Fredholm with vanishing index. Moreover, from Proposition EH 
WM^l'" 11 ^'^ 2 '" 12 ^ is made of regular points of this projection. Let 7 : t G [0, 1] 1— > (J*,x*) G 
MX x M T1 X mi x M T2 X m2 be a path transversal to n ^» mi U da ' ma ) f so that the fibre product 
M.A4'^ d = M7Vj( d i' m i).( d 2,m2) x ^ [0,1] is a smooth one dimensional manifold equipped with 
a projection 7r 7 ed : ILM?^ — > [0,1]. As soon as 7 is chosen generic enough, this submani- 
fold intersects '^J^j^ mi ^ <yd2,m2 ^ transversely at finitely many points over distinct parameters 
of [0,1]. Let C to G RM r ^ ed be such a point, t G]0,1[. The path 7 is said to intersect 
jr Kmi),(d 2 ,m 2 )^ RM Ji l mi),( ( i 2 ,m 2 )^ positively (resp. negatively) at 7 (rj ) if RA^; ed intersects 

^&* mi),{d2 ' m2) positively (resp. negatively) at C io once endowed with the local orientation 
induced by [0, 1]. 

Assume that 7 is transversal to 7Tr and denote by RM 7 = MA4f Msp x 7 [0,1]. Denote 
by R.M 7 the Gromov compactification of R.M 7 and by 7r 7 : R.M 7 — > [0, 1] the associated 
projection. The aim of this subparagraph is to prove the following theorem. 

Theorem 3.2 Let 7 : t G [0,1] i-> (J*,x*) G MX X M T X Cl ^ d ~ 2 be a generic path 
chosen as above and C to G RAT 7 n R>fJ^' mi) ' (d2 ' m2) . Assume toot mi = ci(X)di - 1, 
777,2 = ci(X)d2 — 1 and that 7 is positive at to = 7r 7 (C* ). Then, there exist a neighbourhood 
W of C to in R.M 7 and e > such that for every t G]to — e >^o[; 7r~ (i) H is made of two 
curves having the same mass, the one of C'°, and for every t G]*o, *o + e [> ^7 (*) Hlf = 1. 

Note that reversing the orientation of [0, 1] if necessary, we can always assume that 7 is 
positive at to. 

Let C* be a real rational cuspidal J*-holomorphic curve close to C to which passes through 
x*, t G]to — e ) to + e [\{^o}- Then, from Proposition 2.16 of ^U], C* extends to a one parameter 
family of j'-holomorphic curves C*(?7), 77 G [0,%[ such that C (0) = C , C*(ry) passes through 
x for every 77 G]0, 77* [ and RC*(?7) has a non isolated real double point in the neighbourhood 
of the cusp of C* as soon as 77 / 0. 




EC* (77) 



Lemma 3.3 /fe is small enough, the family C (77) converges to a reducible J 1 -holomorphic 
curve when 77 — ^ 77^ . 
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Note that Lemma 13.31 already implies the second part of Theorem 13.21 since for t > 0, there 
are no reducible J*-holomorphic curve which pass through af and have a real double point in 
the neighbourhood of the tacnode of C to . 



Let U be a compact neighbourhood of C'° in X such that for every t s]to — e ; *o + e [> the 
only reducible J*-holomorphic curve which pass through af are the ones close to C to . Note 
that as soon as rj is close enough to zero, the real parts RC*(r/) form a loop around the cusp of 
IRC* in RX. Moreover, the intersections between two curves of this family C (77) are located 
at af and in the neighbourhood of their double points. Thus, as rj grows, the loops grow in 
order to fill a disk of RX centered at the cusp of RC . The following alternative now follows 
from Gromov's compactness Theorem. Either C (rj) converges to a reducible J*-holomorphic 
curve in U as rj — > rjt, or one curve C*(ry) intersects the boundary of U. Assume that there 
exists a sequence t n £]to — e, to + £ [\{^o}i n G N*, which converges to to when n — > oo and 
rj n > such that C tn (r] n ) touches the boundary of U. Then, when n — > oo, C tn (r] n ) converges 
to a J*° -holomorphic curve C°° which is contained in U, intersects the boundary of U and 
passes through r. The latter cannot be reducible from the definition of U. Moreover, for 
every n G N*, the loop of RC tn (r] n ) surounds the cusp of RC tn in RX. It follows that in the 
limit, RC°° forms a loop which surounds the tacnode of MC*°. Thus, C°° intersects C*° with 
multiplicity four at least near the tacnode of C to , with multiplicity two at least near every 
double point of C*° and with multiplicity one at x to . The total intersection index between 
C°° and C*° is then at least d 2 + 2, which is impossible. □ 

Lemma 3.4 Assume that e is small enough and that t £]to — e,to[. Then, the number of 
cuspidal J 1 -holomorphic curves which pass through af and are close to C*° is at most 2. 



Denote by C red the unique reducible real rational J -holomorphic curve which passes 
through x* and is close to C*°. This curve has two non isolated real double points y\, y\ in 
a neighbourhood of the tacnode of C °. Let C\ be a real rational cuspidal J*-holomorphic 
curve which passes through af and is close to C*° and C\{rf), n £ [0, 77^] , the one parameter 
family of J*-holomorphic curves given by Lemma l3.3l In particular, Cl(r]\) = C\. ed . For every 
77 G]0, rji[, denote by y\{rj) the real double point of C\{rj) close to the tacnode of C to . The 
latter converges to the cusp of C\ when 77 — s- and to one of the points y\ , y\ , say y\ , when 
77 — > 77*. Assume that there were two families C*(t?), C|(<5) of curves having this property. 
Then, for 77, 5 close to 77^, <5*, the curves Cl(r]), C^iS) would have all their intersections at af 
and in the neighbourhood of the double points of C l Ted different from y\. Moreover, if 77 is 
close enough to n[, we can assume that the loop formed by MC^) close to the cusp of C{ is 
in the interior of the one formed by RC\ (rj) . 



Then, RCl(r]) intersects MCf^) at two points belonging to the two local branches of MC^^) 
near y\. As 77 decreases, there is some parameter 77' for which RC\{rj') passes through the 



Proof: 



Proof: 
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double point of WC^iS) belonging to its loop. For this parameter r/, the two curves C\{r]') 
and C^S) would have at least 3 intersection points in the neighbourhood of the tacnode of 
C*° and thus a total intersection at least equal to d 2 + 1, which is impossible. We deduce 
that the number of real rational cuspidal J*-holomorphic curves close to C'° is bounded by 
the number of real double points of C* e(J close to the tacnode of C °, that is two. □ 

Proof of the Theorem EOl 

It follows from Lemmas 13.31 and 13.41 that there exist a neighbourhood W of C to in R.M 7 
and e > such that for every t G]io — e,to[, #(7r^ 1 (t) n W) < 2 and for every t G]io>io + e[, 
n~ (t) n W = 0. Since the parity of the number of real rational cuspidal J-holomorphic 
curves which pass through x does not depend on the generic choice of (J,x), it suffices to 
prove that vr~ 1 (t) n W cannot be empty when t G]io — e,to[, that is there exists at least one 
real rational cuspidal J-holomorphic curves which passes through x for some J close to J*° . 
Now such a curve can be constructed by reversing the construction of Lemma 13.31 One starts 
with a reducible real J-holomorphic curve having two real non isolated double points close to 
the tacnode of C °. Then, from Proposition 2.14 of ^0]) one can smooth one of these double 
points to obtain a one parameter family RC(r/) of curves which forms a loop. As r\ decreases, 
it has to degenerate onto a cuspidal curve by some argument similar to the one used in the 
proof of Lemma 13.31 □ 

Remark 3.5 When r = (0, . . . , 0), a sequence of real rational cuspidal J-holomorphic curves 
can converge to a reducible curve C having two irreducible components which are complex 
conjugated and transversal to each other except at one point which is of order two, that is 
an ordinary tacnode. To extend Theorem 10.11 one should take into account these reducible 
curves. This would be possible provided an analog of Theorem 13 . 21 holds in this case. Namely, 
assume that over a path 7, the curve deforms to a reducible curve having two real (resp. 
complex conjugated) double points in a neighbourhood of the tacnode for t G]io — to[ (resp. 
t £]to, to + e[). Then, one can suspect that for t G]io> to + e[, there are no real rational cuspidal 
J*-holomorphic curve close to C whereas there are two of them for t G]io — e,io[. Moreover, 
the latter come from the two degenerations of the figure eight. However, I have no proof of 
this fact and thus leave this case opened. 

3.2 Neighbourhood of RM^' mi),(d2 ' m2) in RM d cusp when m 2 = c 1 (X)d 2 

Let 7 : t £ [0,1] h (J 1 ,^) G MJ^ x R T X Cl ( x ) c(_2 be a generic path transversal to 7Tr and 
RMy = RMc US p x 7 [0,1]. Denote by RA4 7 the Gromov compactification of RM 7 and by 
7r 7 : KLM 7 — > [0, 1] the associated projection. 

Theorem 3.6 Let 7 : t G [0,1] i-> (J*,x*) G MX x M T X Cl ( x ) d ~ 2 be a generic path 
chosen as above and C to G ILM 7 n ^j^^ miS >^ d2 ' m2 \ Assume that m\ = c\(X)d\ — 2 and 
m-2 = ci(X)d2- Then, there exist a neighbourhood W of C to in RA / i 7 and e > such that for 
every t G]£o — e>*o + e [; 7r 7 1 (0 H W = {C*}. Moreover, the mass of C* does not depend on 
t e]t -e,t + e[. 

(See CSlfor the definition of the space RM f^)^™*)) 

Without loss of generality, we can assume that x* G R T X Cl ^ xs>d ~ 2 does not depend on 
t G [0,1]. Denote by C*° (resp C^) the irreducible component of C to which has homology 
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class d\ (resp. d%). Let x' = s* n C{° , x| = x l n C2 and C/ be a compact neighbourhood 
of C*° in X. If [/ is small enough, the curve C\° extends to a one parameter family C[°(r]), 
r] G [—1,1], of real J*°-holomorphic curves which pass through x^, are contained in U and 

such that (0) = C[ , Cj (±l) n9[/ / whereas Cj°(r/) CU for 77 g] - 1, 1[. We can assume 
that the curves RC^ (77) and RC2 have two real intersection points in a neighbourhood of the 
tacnode of C to when n > 0. Let C* be a real rational cuspidal J*-holomorphic curve close to 
C*° and which passes through x', t G]to — e, to + £ [\{^o}- Then, from Proposition 2.16 of [TP] , 
C* extends to a one parameter family of J*-holomorphic curves C*(?7), r] £ [0,1] such that 
C*(0) = C*, C*(r/) passes through x* for every 77 G [0, 1] and RC*(7?) has a non isolated real 
double point in the neighbourhood of the cusp of C* as soon as r\ ^ 0. Note that in contrast 
with fcl3.ll as soon as U is small enough, this family cannot break into a reducible curve as 
long as it stays in U. We can thus assume that C*(l) D dU 7^ 0. 

Lemma 3.7 As soon as U is small enough, C(l) converges to C*°(l) as t converges to 

t . 

Proof: 

It suffices to prove that as t converges to to, the curve C'(l) converges to a reducible 
curve. Indeed, since this curve in the limit is contained in U, touches dU and passes through 
x to , it has to coincide with C*°(l). Remember that when t G]£o — e^o + e [\{*o}> the curve 
RC*(1) forms a loop which surrounds the cusp of RC*. Hence, if the curve in the limit were 
irreducible, its real part would form a loop which would surround the tacnode of C*°. As 
soon as U is small enough, the latter would then intersect C'° with multiplicity four near the 
tacnode, with multiplicity two near every double point of C'° and at x to , which is impossible. 
□ 

Hence, the family C*(r?), r/ G]0, 1], is obtained after smoothing one of the two real double 
points of C to {rf) close to the tacnode of C*°. 

Lemma 3.8 Let C*(r?) and C 1 ^)' , t e]to — e, to + e[\{to}; V £ [0,1], be two families of 
real rational J 1 -holomorphic curves which pass through x l and such that C*(0), C*(0)' are 
cuspidal. Then, these families are obtained after smoothing the same real double point of the 
family C to (r]). 

Proof: 

Assume the converse. Then, the curves C*(l) and C*( 2 1 ) / would intersect at x* and with 
multiplicity two near every double point of C °. Moreover, the loops formed by RC*(1) and 
RC*( 2 1 )' would intersect at two points at least. Finally, since C*(i)' is not obtained after 
smoothing the same real double point of the family C to (r]) as C*(l), the local real branch 
in this smoothing which is not included in the loop of RC'^)' would also intersect RC*(1) 
near the tacnode of C*°. This would provide a total intersection index at least equal to 
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c\(X)d — 2 + d 2 — c\(X)d + 3 > d 2 , hence the contradiction. □ 




Remark 3.9 It also follows from the proof of Lemma f3.8l that if the families C*^) and C*(ry)' 
are obtained after smoothing the same real double point of the family C to (rj), r? G [0, 1], then 
the loop formed by MC'(^)' is included in the one formed by 1RC*(1). Indeed, these curves 
would otherwise also intersect with multiplicity at least three near the tacnode of C*° , which 
is impossible. 

Proof of Theorem 13.61 

There exist a neighbourhood W of C to in 1LM 7 and e > such that for every t G 
]to — e,^o + e[, #(7r~ 1 (t) n W) < 1. Indeed, if this set would contain two curves, they would 
generate two families C*(r^) and C (17)' as in Lemmas I3.7I and I3.81 From Lemma l3 .8! these two 
families would be obtained after smoothing the same real double point of the family C to {rj). 
From E,emark l3.91 the loop formed by MC*(^)' and hence by MC*(r/)' for every rj g]0, 1] would 
be included in the one of MC'(l). We then obtain a contradiction repeating the proof of 
Lemma 13.41 Moreover, as in the proof of Theorem 13 .2\ 7r^ 1 (t) Pi W cannot be empty for every 
t G]to — e> *o + e[j e small enough. Since the parity of the cardinality of n~ 1 (t) D W does not 
depend on t and the masses of cuspidal curves close to C*° are obviously the ones of C to , the 
theorem is proved. □ 



3.3 Neighbourhood of RM ( ^ 1>Ad2 ' m2> in RM cusp 

Proposition 3.10 Let (C°,J°) G RM^'™ 11 ^ 2 '™^ . Then, there exists a path {C\,P) G 
RM^tsp ll ^^ d2,m2 \ t 6 [0,1], of class C l ~ k , such that J 1 is integrable in a neighbourhood of 
C 1 in X. 

(See S3]for the definition of the space RM { c t s '™ l) ' {d2 ' m2) ) 

Lemma 3.11 Under the hypothesis of Proposition fS.lfA there exists a neighbourhood V 
of the singular points of C° in X and a path (C*, J 1 ) G RM^ l) ' {d2 ' m2) , t G [0, 1], of class 
C l ~ k , such that J l \y is integrable. 

Proof: 

Let yo be a double point of C°. Then, there exists a neighbourhood Vq of yo in X, invari- 
ant under cx, as well as a diffeomorphism <3? : Vo — ► B 4 which is Z/2Z-equivariant such that 
&(C° Pi Vo) = {(wi,W2) G B 4 C C 2 I u>iu>2 = 0}. Denote by J the almost complex structure 
®*(J°\v ) °f B 4 , and for 5 G]0, 1], by h s the homothety (wi,w 2 ) G B 4 i-> (fooi , ^k^) G 5 4 . 
Set then Ji_ 5 = frJ(J), so that for £ G R 4 = T {wuW2) B 4 , Ji-^l^,^) (C) = ^ 1 ° J(Sw u Sw 2 ) 
d/i<s(£) = ^(5«, 1 ,5«, 2 )(0- Hence, the family (Ji_«5) 5e ] ,i], extend to a C°°-family (Js)se[o,i], by 
setting Ji = J(o,o)- Now, <I>(C n Vq) is invariant under ^ and thus J^-holomorphic for every 
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5 G [0, 1]. The family (^*Js)se\o,i] 1S then a path of almost complex structures of class C of 
Vo such that <3>* J = J°|y , C° n Vo is <£>* J 5 -holomorphic for every 5 G [0, 1] and $* Ji is inte- 
grable. There is no obstruction to extend ($*Js)se[o,i] to a path of almost complex structures 
of class C l on the whole X for which C° is holomorphic and which coincide with J° outside a 
neighbourhood of Vo- Now, if y$ is the unique real ordinary cusp of C°, we can proceed in the 
same way, making use of the weighted homothety hg : (11)1,11)2) 6 -B 4 i— » (5 2 wi, <5 3 u>2) G -E> 4 
instead of hg. The proof is then the same as the one of Lemma 2.6 of JOJ and is not repro- 
duced here. □ 

Proof of Proposition 13.101 

From Lemma 13.111 we can assume that J° is integrable in a neighbourhood Vo of the 
singular points of C . Let Cq C C° be a smooth compact curve with boundary such that 
C° \ Cq C Vq- A tubular neighbourhood N of Co in X is identified with a neighbourhood 
of the zero section in the normal bundle of Co in X. Denote by p : N —* Co the projection 
induced by this identification and equip N with the almost complex structure J\n- This 
identification can be chosen such that the fibres of p are J|7v-holomorphic. Now as in Lemma 
5.1 of |7j, there is a map w : N — > C which is holomorphic and injective once restricted to 
each fibre of p. Such a map can be constructed as follows. Extend J\n to an almost complex 
structure on the whole compactified normal bundle N over C , such that p : N —* C° is a 
sphere bundle with J-holomorphic fibres, the section C°° at infinity is J-holomorphic and a 
third section C 1 distinct from C° and C°° is J-holomorphic. The function w : N — > CP 1 is 
then the unique one given by Riemann's uniformization theorem which is holomorphic once 
restricted to each fibre and sends C°, C°° and C 1 to 0, oo and 1 respectively. Let z : Co — > C 
be an injective holomorphic map, the composition with p will also be denoted by 2 : N — > C. 
The antiholomorphic tangent bundle T^' « is then generated by 9^ and <9j + a<9 2 + bd w . 
Moreover, J\n is integrable if and only if c\ja = = c\jb (see [IJ, Lemma 1.3). This is in 
particular the case on TV n Vq. Let / : Co — * K be a C°° function which is equal to one in a 
neighbourhood of the boundary of Co and to zero on Co \ Vo- For 5 G [0, 1], denote by Jg the 
almost complex structure on N whose antiholomorphic tangent bundle Tjj j , is generated 

by dw and 8% + ((1 — S) + 5f o p\ (ad z + bd w ). Then, Jo = J\n and J\ is integrable since 
&w(f pa) = f o pc\ja = and &w(f pb) = f o pc\jb = 0. Hence the result. □ 

Let 7 : t G [0,1] i-> (J*,x*) G RJ" W x M T X Cl ( x ) d ~ 2 be a path transversal to ir R and 
7r (di,m 1 ),(«fa,m a ) . R>M (^i).(to) ^ RX x RriXmi x K ^ X m 2 . Let MA ^ 7 = RM d cusp * 7 [0, 1], 

KLM 7 its Gromov compactification and 7r 7 : 1LM 7 — ► [0, 1] the associated projection. 

Theorem 3.12 Let 7 : t G [0, 1] i-> (J*,£*) G RXxR,!' 1 ' 1 '^ 2 6e a generic path chosen 
as above and C'° G KiA/Ly n RA^ 1 ^ 1 ^ 2 '" 125 . T/ien, tftere exist a neighbourhood W of C to in 
1LM 7 and e > such that #7r 7 1 (i)nVF c/oes no£ depend on the choice oft £]to — e,to + e[\{to}. 

Note that as soon as W is small enough, all the curves of W have the same mass, the one of 
C*°. 

Lemma 3.13 Under the hypothesis of Theorem \S.VA we can assume that x l does not 
depend on t G]to — e, to + e[ aric ^ ( J t )t£]t -€,t +e[ ^ an analytic path of almost complex 
structures which are integrable in a neighbourhood of C*° in X. 
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Proof: 

From Proposition 13. we can assume that J to is integrable in a neighbourhood of C*°. 
Indeed, let J'°(A), A G [0, 1], be the path in RA^Ssp" 4 2 ' given by this proposition, such 
that J'°(0) = J*° and J*°(l) is integrable in a neighbourhood of C*° . There is no obstruction 
to extend this path in a two parameters family J* (A), A G [0,1], f G]to — e>^o + e[> such 
that J'(0) = J* and (J*(A),ar) satisfies the hypothesis of Theorem 13. 121 for every A G [0, 1]. 
From Lemma ll .51 and the definition of 1LM cusp" 1 ^'^ 2,m2 ^ none of the elements of 7r~ 1 (t) can 
degenerate onto a critical point of 7Tr or a reducible curve over J* (A). Thus, the cardinality 
of tTrV^A),^) n W(A), where W(A) is a neighbourhood of C*°(A) in BLM cusp , does not 
depend on A G [0, 1]. 

Now we have to prove that a transversal path (J*) te u _ £ito+e r to KLMcusp™ 1 ^'^ 2 '" 12 ^ can be 
chosen analytic and made of almost complex structures which are integrable in a neighbour- 
hood of C*° in X. Assume that mi = ci(X)d\ — 1, and denote by C{ = [u\, J s , J*°, x lt z c ] 
the cuspidal component of C*°, so that x± = x*° n C*° is of cardinality mi. Then, from 
Proposition II .91 the path ( J*) te i to _ e _t + e [ * s transversal to WM^tsp 11 ^'^ 2 '™ 2 ^ at J*° if and only 
if J to = 4: J f \ t=to is such that the J s antilinear form J t ° o du\ o J s projects onto a generator 
of the cokernel H^SiAf^-z^+i = R. Let a be a generator of Hjj(S; N™ S - Zl )+i having 
support in a small ball U of S. Let 1/ be an open subset of (X,J to ) biholomorphic to the 
bidisc B x B C C 2 and such that V H C*° = u\{U). We choose this biholomorphism 

2 2 

such that it sends V n C*° onto the disc {w; = 0} C -B x B , where the latter is equipped 
with complex coordinates (z,w). In this chart, the generator a writes f(z,z)dz (g) u>, where 

2 

/ : B — > C is Z/2Z-equivariant, with compact support and can be assumed to be smooth. 
For every t G]to — e )^o + £ [> define then J \y to be the endomorphism given by the matrix 
i 1 

(t t )fdz i ' ^ nce f * s w ^ n compact support, J*|y = J' |y in a neighbourhood of the 

boundary of V. We can then extend J* on the whole X by setting J* = J*° outside V. The 
path t G]to — e 5 *o + et 1- ^ ^' is analytic. Moreover, the antiholomorphic complexified tangent 
bundle of {X,J l ) is generated by the vectors < &j + \{t — to)fd w ,dyj >. Since \{t — to)/ 
does not depend on w, it follows from Lemma 1.3 of that J* is integrable on V for every 
t G]io — e )*o + e[- The Lemma is proved in the case m\ = c\{X)d\ — 1 and can be proved 
along the same lines when m\ = c\{X)d\ — 2. □ 

Proof of Theorem I3TT21 

Denote by B 2 (t , e) = {t G C | \t-t \ < e}. The path 7 : t G]t -e, t + e[^ J 1 G MX given 
by Lemma f3.13l is complexified to an analytic path 7c : t G B 2 (to, e) 1— » J* G X which is Z/2Z- 
equivariant and made of almost complex structures which are integrable in a neighbourhood 
of C to . Equip the product Y = B 2 (to ,e)xX with the almost complex structure Jy defined 
i 1 

It is integrable in a neighbourhood of {to} x C*°- Moreover, the 



by the matrix 



J* 



sections (t, ar) are Jy-holomorphic. Note that the complexified moduli space «M 7C is then a 
smooth curve which is equipped with a holomorphic projection ir : -M 7c — > B 2 (to,e) \ {to}- 
The complex structure of -M 7C extends in a unique way on the compactification -M 7C and 
the projection ir : ,M 7c — > B 2 (to,e) is holomorphic. We will prove that once restricted 
to any irreducible component of «M 7C , this projection is a biholomorphism. From now on, 
we can assume that A4 7c is irreducible. Let U — > «M 7c be the universal curve and C7 be 
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the stable map compactification of U. The latter is a complex surface and the projection 
U — ► A4 7c is a projective line bundle having a singular fibre over C*° E -M 7c . Denote by 
o"i, . . . , cr Cl (x)d-2 : -M 7C — *■ U the sections associated to the marked points zi, ... , £ C i(X)d-2 
of 5 and by euaZ : f7 — > Y the evaluation map, so that for every C E .M 7C , eval(aj(C)) = 
(7r 7c (C), xj 7c ) E Y". Denote by Si, S2 the two irreducible components of the singular fibre 
of 17, in such a way that eval(Si) is the cuspidal component C{ of C io . Note that since 
the two components of C*° intersect transversely, d y eval is injective at the intersection point 
y of Si n 52- The normal bundle of Si in {7 is isomorphic to Os 1 {— 1) and the evaluation 
map induces a non vanishing morphism from this bundle to the normal bundle of C*° in Y, 
which is isomorphic to Os 1 (ci(X)di — 3) © Os 1 - Would the projection ir : A4 7c — ► B 2 (to,e) 
not be biholomorphic, this morphism would vanish on z_i = z f] Si which is of cardinality 
mi. Assume that mi = c\(X)di — 1. The image of 1) would then be a subline bundle 

of degree at least c\{X)di — 2 of Os x (c\(X)di — 3) © Os 1 - This is impossible. In the same 
way, if mi = ci(X)di — 2, then the normal bundle of C^ in Y (resp. U) is isomorphic to 
Os 2 (ci(X)di - 2) © Os 2 (resp. Og 2 (-l)). Would the projection ir : M lc -> B 2 (t ,e) not be 
biholomorphic, the morphism Os 2 (— 1) — * C5 2 ( c i(^)^i — 2)©Os 2 would vanish on z 2 = zflS2 
which is of cardinality m%. Since the latter is equal to c\(X)d2, we conclude as before. □ 

4 Proof of Theorem 10.11 

Let (J°,x°) and (J 1 ,^ 1 ) be two regular values of ir R : RM^ sp -» MX x M r X cl ( x ) (i - 2 which 

do not belong to ^(MTWfusp \ ^^cusp)- We can assume that every real rational cuspidal 
J'-holomorphic curve which pass through af, i E {0, 1}, and realize the homology class d has 
a unique real ordinary cusp and transversal double points as singularities, all of them being 
outside x\ We have to prove that Tf(J°,x ) = T^(J l ,x}). 

4.1 Choice of the path 7 

Let 7 : t E [0, 1] ^ (J*, 2*) E RJ^ x M T X Cl ( x ) d - 2 be a generic path transversal to 7T]r joining 
(J°,x°) to (J 1 ,^ 1 ). Denote by ILM 7 = RA^^ sp x 7 [0,1], ILA/f 7 its Gromov compactification 
and 7r 7 : MA4 7 — > [0,1] the associated projection. From Lemma ll.6l and Corollary 11.121 the 
path 7 can be chosen such that all elements of M.M 7 are irreducible real rational curves having 
a unique real ordinary cusp and only transversal double points as singularities, all of them 
being outside x l , with the exception of finitely many of them which may have: 

1) A unique real ordinary triple point or a unique real ordinary tacnode. 

2) A real branch which crosses the real ordinary cusp transversely to its tangent line. 

3) A unique real double point belonging to x l . 

4) The unique real ordinary cusp belonging to af. 

5) A second real ordinary cusp outside x*. In this case, any generator ip of H°(S,Ks © 
N* _ z )-i = i! 1 (S',iV u _ 1 )^ 1 does not vanish at cusps (compare Proposition 2.8 of [T0"]1. 

6) A unique cuspidal point, which is a generic order two degenerated cusp, see fc j2.ll for a 
definition. 

7) Two irreducible components. 

8) Two irreducible components which intersect transversely except at one point which is 
a real ordinary tacnode. These curves are not cuspidal. 
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In the same way, the path 7 can be chosen such that every real rational reducible J l - 
holomorphic curves which pass through x* and realize the homology class d have only two 
irreducible components, both real, and transversal double points as singularities, with the 
exception of finitely many of them which may have: 

a) A unique real ordinary triple point. 

j3) A unique real ordinary tacnode. 

7) A unique real ordinary cusp. In this case, any generator tp of H°(Sx,Ks®N£ u _ z )-i = 
if 1 (Si, N Ul ~ z does not vanish at the cusp, where u\ : Si — ► X parameterize the cuspidal 
component (compare Proposition 2.8 of jlUj). 

5) A unique real double point belonging to x*. 

e) Three irreducible components. 

Finally, the path 7 can be chosen such that every real rational J-holomorphic curve which 
pass through x*, realize the homology class d, and have one of the lines Ti, i £ /, as a tangent 
line at x*, have only transversal double points as singularities, with the exception of finitely 
many which may have: 

a) A unique real ordinary triple point. 

b) A unique real ordinary tacnode. 

c) A unique real ordinary cusp outside x*. In this case, any generator ip of H°(S,Ks <8> 
iV*_J_i = H (S, N^-z)^! does not vanish at the cusp (compare Proposition 2.8 of jTU]). 

d) A unique real ordinary cusp at one point x\,i £ I. In this case, the curve is not tangent 
to any line Tj, j £ I. Moreover, any generator ip of H°(S,K S <g> A^_J-i = H 1 (S, N u -z)* + i 
does not vanish at the cusp (compare Proposition 2.8 of [TO]). 

e) A unique real double point belonging to x*, none of the branches being tangent to Tj. 

f) Two irreducible components. 

g) Two irreducible components which intersect at one point x*, i £ I. In this case, the 
curve is not tangent to any line Tj, j £ I. 

4.2 The case z c e z 

Let (J, x) £ M.J W x W T X Cl ^ x ^ d ~ 2 be a generic critical value of 7Tr of type 3 given by Lemmas 
11.51 and 11.61 Let C be a real rational J-holomorphic curve which pass through x, realize 
the homology class d and has a unique real ordinary cusp in x, say at x\. Then, the space 
of real rational cuspidal J-holomorphic curves which pass through x \ {xi} and realize d is 
a one parameter family generated by any non zero element of H°(S, N u - z+Zl ) + i = W. In 
particular, the cuspidal point moves along a smooth curve l c C MX transversal to the tangent 
line of MC at the cusp x\. Let U be a neighbourhood of xi in MA diffeomorphic to a ball and 
small enough so that l c divides it in two components. Denote by U- (resp. U+) the connected 
component of U \ l c defined by the relation U- n RC / (resp. U + n RC = 0). 
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Proposition 4.1 Let y G U— (resp. y G Then, as soon as U is small enough, 

1) There are exactly 2 (resp. 0) real rational cuspidal J -holomorphic curves which pass 
through x U {y} \ {x\} and are close to C . 

2) There is exactly one real rational J -holomorphic curves close to C which pass through 
x U {y} \ {xi} and has a real double point at y. Moreover, this double point is real and non 
isolated (resp. isolated). 



As soon as U is small enough, the intersection of IRC with U- is made of two arcs denoted 
by RC+ and RC_ . The one parameter family of real rational cuspidal J-holomorphic curves 
which pass through x \ {x\} and realize d produces one parameter families of arcs RC+ and 
RC_. As soon as U is small enough, these two families provide two foliations of f/_. If 
y G U-, there is exactly one leaf of each foliation which pass through y, hence the first part 
of the proposition in this case. If y G f7+, the first part of the proposition follows from the 
relation C7+ D RC = 0. Let us prove now the second part of the proposition. First, if such 
a curve exists, it has to be unique. Indeed, two such curves would intersect twice near each 
double point of C, with multiplicity one at each point of x \ {xi} and with multiplicity four 
at y. Then, their intersection index would be at least d 2 — c\{X)d + c\{X)d — 3 + 4 = d 2 + 1, 
which is impossible. Let x[ G RC fl U-. From Proposition 2.16 of ^Hj, the curve IRC extends 
to a one parameter family of real rational J-holomorphic curves RC(r/), rj G [—1,1], which 
pass through iU {x[} \ {x\} and have a non isolated (resp. isolated) real ordinary double 
point close to the cusp of IRC when rj > (resp. rj < 0). In the same way as in fl3.1[ the 
curves KC(r/), r) > 0, form a loop in a neighbourhood of the cusp of IRC Moreover, this one 
parameter family of loops foliates some disk of RX centered at x\. The curve l c intersects 
transversely these loops. Then, the non isolated real double point of RC(r/), r/ > 0, has to be 
in the same connected component oiU\l c as the branches IRC+ and RC_, that is £/_. Thus, 
there exists at least one point y G U- for which there is a real rational J-holomorphic curve 
close to C which passes through xL) {y} \ {xi} and has a non isolated real double point at 
y. By deforming y G we get the same result for all y G U— as soon as U is small enough. 
The curves RC(r/), r] < 0, must then have their isolated real double point in U+, which proves 
the result. □ 

Let us assume now that (J, x) = ~f(to), where 7 is the path chosen in i J4.1l and to G]0, 1[. 
Without loss of generality, we can assume that there exists e > such that for every t G 
]io — e, to + e[, J* = J*° and \ {x\} = x\ {x\}. The path (x\ ) t6 ] to _ e ,t +e[ is then transverse 
to l c in RX at t = to. 

Proposition 4.2 The integer T^(J*,x*) does not depend on t G]to — e >^o + £ [\{^o}- 
Proof: 

We can assume that for t G]io — e i*o[ (resp. t G]toj*o + e [)> x \ G U- (resp. x\ G U+). 
From the first part of Proposition ^. 1\ the first term in the expression of Tf(J t ,x t ) decreases of 
2(— l) m ( c °) as t crosses the value t$. Let us prove that at the same time, the third term in the 
expression of r^(J*,x*) increases of 2{—l) m<yC °) as t crosses the value to- From Proposition 
3.4 of [TU]. we have 



Proof: 



s 




E 



( _ ir (C) + 2 £ ( _ irft + (m) 



CGTan d (J t ,x t ) I T x t RC=Ti 



m=0 
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6 

X d r = £ (-ir( c )+2^(-irn d -(m), 

CeTandU^xt) I T t RC=T a m=0 

where Xr+2> are invariants and n^{m) (resp. h^(m)) is the number of real rational J t - 
holomorphic curves of mass m which pass through x*, realize the homology class d and have a 
non isolated (resp. isolated) real double point at x^. From the second part of Proposition 14. 11 
the term Ylm=o(~ ^) m n^{m) decreases of (— l) m ( c °) as t crosses the value to, while the term 
Ylm=o(~ ^) m ^d ( m ) increases of (— l) m ( c "°)+ 1 . Since Xr+2; Xr are constant, we deduce that 
Tl/C&TandUt x*) IT t KC=Ti ( — l) m ^ increases of 2(— l) m (C" ) as t crosses the value to, hence the 
result. □ 

4.3 Proof of Theorem ED 

Choose a path 7 : t € [0, 1] i— » (•/*,£*) G IX x R T X Cl( - x ^- 2 given by $CTJ The integer 
r^j'jX*) is then well defined for every t E [0,1] but a finite number of parameters < 
to < • • • < £fc < 1 corresponding to accidents listed in ij4.ll It is obviously constant between 
these parameters tj, j E {0, . . . , k}, and we have to prove that is also does not change while 
crossing these parameters. This is easy to check in cases 1, 2, 3, a, a, b, e listed in N4.ll In 
cases 4, d, it follows from Proposition 14.21 The cases 5, 7, c correspond to critical points 
which can be treated as in Proposition 2.16 of jlUj . The case 6 follows from Proposition 
12. 7[ the case 7 from Theorem 13.121 and cases 8,/3 from Theorems 13.21 and 13.61 Note that in 
this last case, the loss of two real cuspidal curves described by Theorem 13 .21 is compensated 
by the decrease of the multiplicity of the corresponding reducible curve. Cases / and e can 
be treated as in Proposition 2.14 of [H]]- It only remains to prove the invariance in cases 
S, g. While crossing such a value t^, the second term in the definition of T^(J*,x*) remains 
clearly unchanged. Note that the number of real rational J*-holomorphic curves which pass 
through x l , t e]tfc — e,tfc + e[\{tfc}, have Tj as a tangent line at x\ and degenerate onto a 
reducible curve C tk having a double point at x' fc is at most one. Indeed, two such curves 
would intersect with multiplicity two at x* fe , one at the other points of the configuration 
and two near every double point of C tk but x* fe . This provides a total intersection index at 
least equal to d 2 — c\{X)d + 2 + c\{X)d — 3 + 2 = cZ 2 + 1 , which is impossible. Since the mass 
of such a real rational curve which degenerate onto such a reducible curve C tk is the one of 
C tk and the parity of the number of real rational J*-holomorphic curves which pass through 
x*, t G]tk — e, tfc + e[\{tfc} and have Tj as a tangent line at x\ is independant of t, the result 
follows. □ 
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